SOBOLEV SPACES AND SOBOLEV EMBEDDING THEOREM

ALVIS ZHAODH

In this preliminary section we will not present carefully with all the details but briefly
describe the related definitions and facts (from lectures) which will be used in the main
sections of this paper. Let €2 C R™ be open, we first recall some relevant spaces and normes:

1. Continuous Functions Spaces. For non negative integers m, let C™(Q2) denote,
as usual, the space of continuous functions with continuous derivative upto order m. C'* =
Ne°_,C™. The subspaces Cg*, C§° consists of functions in C™, C*° with compact support.
Define

(0.1) CE(Q) :={¢p € C™(Q)| D% is bounded for |a] < m}
C7(2) is a Banach space with norm given by *.
(0.2) ll¢; C5 () sup |D%¢(x)|

H B 0<a<<m, zeQ

2. LP spaces 1 < p < oo. Let Q C R™ open, let 1 < p < co. We denote LP(Q2) the class
of all measurable functions u defined on €2 such that

03) fully = ( |u<as>”dx)1/p <o

We identify LP(Q2) functions that are equal almost everywhere in . Elements of LP spaces
are equivalent classes of functions such that (0.3) holds.

Remark 0.4. A function u that is defined almost everywhere in  is locally integrable
(u € L},.(Q)) provided u € L*(U) for every open U C .

3. L space.
(0.5) L>°(Q) := {u measurable : |u(z)| < K a.e. on Q}
We identify L>°(Q2) functions that are equal almost everywhere in 2. The norm in L™ is
given by
(0.6) [|u]|oo := inf{K : |u(z)| < K a.e. on Q}

We here state without proof two (familiar) inequalities used in the discussion in this
paper.
Theorem 0.7. (Holder’s Inequality) Let 1 <p < oo and 1/p+1/p' = 1. If u € LP(Q)
and v € L¥ (Q) ,then wv € LY(Q) and

(0.8) [luvllr < lullp[[o]lp
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The next Interpolation Inequality follows from Holder’s Inequality and is used in the
proof of Sobolev Imbedding theorem.

Theorem 0.9. Let 1 < p < q <71 < o0 such that for some 0 < 6 < 1,

1 1-—
(0.10) 1_6,1-9

q q r
Ifu e LP(Q)NL"(Q) then u € LI(Q) and
(0.11) Il < [lullpllull~*

Another consequence of Holder’s Inequality is the following lemma:

Lemma 0.12. LP(Q) C L}, () for 1 <p < oco.

loc

Proof. The case when p = 1 holds trivially. For v € L>(2), any open U C €2, we have:

(0.13) [ @i < ( [ 100) ull =l

follows directly from the definition. For 1 < p < oo, u € LP(Q), and U C Q open, Holder
inequality gives:

(0.14) /U|u(x)\dx < (/U |u(x)|pdc>1/p (/U 1dx)1_1/p < Cllu(@)l],

4. Distributions. We denote the space of test functions by 2 and the space of distri-
butions by 2’. See [AF] for more details.

O

5. Imbedding. We say a normed space X is imbedded in the normed space Y, and we
write X — Y to designate this imbedding, provided that

(1) X is a vector subspace of Y.
(2) The identity operator I defined on X into Y by Iz = z for all € X is continuous.
We observe that continuity <=

(0.15) [[[z; V]| < M||z; X|], z€X

since I is linear.

1. SOBOLEV SPACES

Definition 1.1. (Sobolev space) We define a functional || - ||,,, , called Sobolev norm,
where for any positive integer m and 1 < p < oo
1/p
l[ullm,p = Z ||Dau||§ for1 <p< oo
(12) 0<|a|<m
|ullm,co = sup  [|D%ul[o
0<lal<m

For any positive integer m and 1 < p < oo we consider three vector spaces with norm

1l
(1) H™P(Q) := the completion of {u € C™(Q) : ||u||m,p < 00}
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(2) WmP(Q) ;= {u € LP(?) : Du € LP(Q) for 0 < |a| < m}, where D%y is the weak
partial derivative of u.
(3) Wy"P(£2) := the closure of C§°(Q2) in the space WP ().
These space with appropriate norm || - ||,,, , are called Sobolev spaces over €.

Remark 1.3. By definition WP (Q) = LP(£2). Moreover, for 1 < p < oo, WJ"P(Q) = LP(Q2)
because C§° is dense in LP(Q).

Remark 1.4. We have imbeddings W;"*(2) — W™P(Q) — LP(Q) by definition.

Our main goal in this section is to show that the first two definitions of Sobolev space
coincide, that is H™P = W™P.

Theorem 1.5. W™P(Q) is a Banach space.

Proof. Let {u,} be a Cauchy sequence in WP (). We show that {u,} converges to some
u € W™P(§). We observe that by the definition of Sobolev norm,

(1.6) D% unllp < [[unllm.p

for 0 < |a| < m, so {D%u,} is Cauchy in W ?(Q2) and thus Cauchy in LP(§2). Completeness
of LP(Q2) = there exists u, u, such that u, — u, D%u, — u, in LP(Q). Lemma 0.12 implies
that u, u,, DUp, uq € Llloc. Now consider the distributions defined by u, wu,:

(1.7) T.(¢) = /Qu(sc)(,b(x)dx Ty, (9) = /Qun(z)gb(:c)dx

for ¢ € 2(Q) = C§°(Q).

(1.8) T, (¢) — Tu(9)| < / [u(@) = un(2)||¢()|dz < [|u—un|lpl|¢]]y
Q

by Holder’s inequality with 1/p+1/p’ = 1. So Tw,, — Tu in 2'(2). Similarly TD*u — Tu,
in 2'(Q). So we have:

Ty, (@) = lim Tpay(¢) = lim [ D%u(z)d(z)de = (=D lim [ w(z)D¢(z)dzx

= (-1, (D¢) = Tpau(9)
where the the last two equality follow from integration by part. So u, = D%u in the
distributional sense for || < m. D% € LP(£2) implies u € W™P?(Q). Finally, D*u,, — D“u
implies that ||uy, — ||mp — 0. Thus, u, — v and W™P(Q) is complete. O

Corollary 1.10. H™P(Q)) C W™P(Q)

Proof. From definition, every element of S = {u € C™(Q) : ||u||m,p < oo} is in W™P(Q).
WmP(Q) complete = the completion of S = H™P(Q) C W™P(Q). O

To prove the other direction of the containment that is W™P?(Q2) ¢ H™P?(£2), we need to
introduce the following tool:

Definition 1.11. (Mollifiers) Let J be a real-valued non negative function in C§°(R™)
such that:

(1) J(z) =0 for |z| > 1 and

(2) Jgn J(@)dz =1.
Let J.(x) = €*J(x/€) Then J, satisfies:
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(1) Je(x) =0 for |z| > € and
(2) Jon Je(z)dz = 1.
Then J(x) is called a mollifier and

(1.12) Je xu(x) := / J(x —y)u(y)dy
for any u that the integral is defined, is called a mollification of regularization of u.
Theorem 1.13. Ifu € LP(Q), 1 < p < oo then J.xu € LP(QY), and

(1.14) a)J|Je = ullp < |lullp, b). lim ||Je xu—ull, =0
e—0t

Proof. Let uw € LP(Q), for 1 <p < oo and 1/p+ 1/p" =1, we have:

[ 3=ty = [ -7 3w = ) ut)ay

(1.15) < (/Rn J(x— y)dy) s (/R" J(z — y)|“(y)lpdy> 1o
) (/ T - y)IU(y)I”dy)l/p

by Holder inequality. So we have:

Vel = [ gxu@pde < [ [ 3= y)lut)lrdyds
R n n

(1.16)
=/ lu(y)[Pdy = ||ul b
RTL

using Fubini theorem and for any y, [, J(z —y)dz = 1. We have proved (1.14) a). for
1 < p < 0o. The case when p = 1 follows directly from the definition of convolution (1.12).

For (1.14) b), fix € > 0, since Cp(f2) dense in LP, we can choose ¢ € Cp(§2) such that
lu— ¢||, < €/3. By (1.14) a), since ¢ € L1(Q), we also have ||J. x u — J. * ¢||, < €/3. Now
consider

[Jex¢(x) —p()l = | | Je(z—y)o(y)dy — o(x)]

Rn

— 1 [ Tz - )é)dy — d(a) / J.( — y)dy|
(1.17) R "

=1 [ J@ = y)(60) — o))y
< sup |(¢(y) — o(x)]

ly—z|<e

We can choose a cover of the support of ¢(x), O1, Oa, ..., O, with Lesbegue measure m(0;) <
1/3P (finite since compact) such that on each O;, we have sup, <. |(¢(y) — ¢(z)| < /2
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( uniform continuity of ¢). Hence:

e x ¢ =0l <[ sup [d(y) — o(2)]llp

ly—z|<e

1/p
sup |p(y) — ¢>(1')|pdl’>

R" ly— I|<6

(1.18)

IN

n 1/p

su — o(x)Pdx
(2_:/0| I1|0<E 6(y) - 9(x)| )
3

1
"1 P
Z32>

1=

—

We have by triangle inequality:
(1.19) [ e u—ullp < |[Jexu—Jex ||y +[[Je x & — l|p +[|o —ull, <e
O

Lemma 1.20. (Corollary) (Mollification in W™P(Q)) Let w € W™P(Q) for 1 < p < oo.
If Q' C Q with compact closure in Q, then

(1.21) lim J, xu = u in W™P(Q')
e—0
Proof. Let e < dist(€,09), let @ be the zero extension of u outside of 2. For ¢ € 2(Q):
Josu@Do@de = [ [ syt ) o(wdedy
Q/ n Rﬂ,
(1.2) = 0°! [ [ swbzat - yoedsdy
n Q/

= (=1)l / Je % D%u(x)o(z)dx
Thus, D*J. * u(xz) = J. * D*u(x) in the distributional sense in €. Since D*u(x) € LP()
for || < m, we have by theorem 1.13 on Q' :
(1.23) 151(1) [|D%J. % u(z) — D%u(z)||, = ll_r}(l) [|Je * D%u(x) — D%u(z)||, =0
This gives ||Je * u(z) — w(x)||m,p — 0. O
Theorem 1.24. If1 <p < oo, then H™P = WP

Proof. By Corollary 1.10, it is left to show W™P(Q) C H™P(§). That is {¢p € C™(Q) :
[|llmp < oo} is dense in W™P(Q). If u € W™P(Q), we in fact show Jp € C°(f2) such
that [[u — ¢|[mp <€

For k=1,2,...; let
(1.25) Qp:={z € Q:|z| <k, dist(z,00) > 1/k}

Define Q-1 = Qy := &. Then O = {Uy, : = Q1 N (Q_1)9} covers Q. Let ¥ be a
partition of unity subordinate to this cover (’) and 1y, denote the sum of the finite sum that
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has support in Ug. If 0 < € < m, Je * (Yru) has support in Vi, := Qpia N Q.
By previous lemma, we can choose €; < m such that:

€
(1.26) e * (W) = (Wrw)llmps = e * (Yrte) = (pw)llmpvi < oF

On Qy, we have:

k+2 k+2

(1.27) u(w) = dulx) d(w) =D Je, * iul)
i=1 i=1

We observe that both of the above sum is finite for = € . for each k by the definition of
; and J,. Also, ¢(z) € C*°(Q) since each term of the sum is. This gives:

k+2
(1.28) [u(@) = (@) |lmps. < D e, * (@) = Yiu(@)|lmpa < ¢
i=1

By the monotone convergence theorem as k — oo we have:

(1.29) lu(@) = (@) lmpe < Y (e * (@) = iu(@)|lnpa <€

i=1

O

Remark 1.30. We give an example that above theorem fails when p = co. Let 2 = (—1,1) C
R, and u(z) = |z|. Then «/(z) = z/|z| for z # 0 and so u € W1>°(Q). But u # HY*°. In
fact, there is no ¢ € C1(Q2) such that [|¢/(x) — v/ (z)]|e0 < 1/2.

2. SOBOLEV IMBEDDINGS

In this section, we explore the imbedding properties of Sobolev spaces. The imbedding
properties of Sobolev spaces depend on the regularity properties of € which is normally
expressed in terms of geometric or analytic conditions. We first introduce some relevant
definitions:

Definition 2.1. (Finite Cone) Let v € R™ be a nonzero vector. For each = # 0, let
Z(x,v) be the angle between x,v. For given v,p > 0, and 0 < k < 7, the set

(2.2) C={zeR":2=00r0< |z| <p, L(zx,v) < K/2}

is called a finite cone of height p, axis direction v and aperture angle x with vertex at
the origin. We can define a finite cone with arbitrary vertex by a translation of C: i.e.
20+ C :={xo+y:y € C}is a finite cone at vertex xg.

Definition 2.3. (Cone Condition) (Q satisfies the cone condition if there exists a finite
cone C' such that each x € ) is the vertex of a finite cone C,, contained in €2 and congruent to

C'. This means that C;, can be obtained by a rigid motion (translation, rotation, reflection)
of C.

There are several versions of Sobolev Imbedding Theorem with different target spaces of
the imbedding. In this section, we only consider the most elementary case, stated as the
following theorem:
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Theorem 2.4. Sobolev I'mbedding Theorem Let 2 be a domain in R™, for 1 <k <mn,
let Qi be the intersection of Q0 with a plane of dimension k in R™. Let j > 0, m > 1 be
integers, 1 < p < oco. Suppose Q) satisfies the cone condition, then:

(1) If either mp >mn orm=1, p=1, then
(2.5) WItmP(Q) — O%(Q)

where we recall C(Q) as in (0.1).
(2) If moreover 1 < k <n, then

(2.6) WITmP(Q) — Wo(Qy,) p<g<oo
in particular,the case when j =0, k=n is
(2.7) WrRQ) 5 L9(Q)  p<g<o

Since elements of W™P are not function defined everywhere, but equivalence classes
of such functions defined almost everywhere, we need to explain what is meant by the
imbedding of W™P into continuous function space. What this means is that an element
u € W™P should contain an element @(x) in it’s ”equivalent class” (u = @ a.e.) that is in
the continuous function space, the target of the imbedding, and is bounded by K||@(x)||m.p
for some constant K.

To make sense of the imbedding W7+ (Q) — W34(€;,) where k < n, we observe that by
theorem 1.24, u € W7T™P(Q) is the limit of a sequence of continuous functions {u;} € C™.
Each of wu; restrict to Q (called traces) belongs to C™(€2). The imbedding implies that
these traces converge in W74(Qy) to a function @ that is independent of the choice of {u;},
and [[i}jq.0, < K[l mpr

The main tool in proving the Sobolev imbedding theorem is the following local estimate.

Lemma 2.8. Let domain Q) C R™ satisfy the cone condition. There exists a constant K
depending on m,n and the dimensions p, k of the cone C, such that for every u € C*(Q),
every x € ), and every r such that 0 < r < p, we have:

(29) @<k 3 rla\*”/c

laj<m—1 -

Duy)ldy+ 3 /C D% u(y) |z — y™ " dy

loe|=m

where Cpr ={y € Cy : |z —y| <1} and Cp C Q is the cone congruent to C' with vertex at
x.

Proof. Apply to Taylor’s theorem with remainder to the function f(¢) = u(tx + (1 — t)y),
e, yelyy.

m—1 1 ) 1 1
(2.10) )= X 190+ Gy / (1= )™= £ 1)
the derivative of f given by:
(2.11) 0= 3 L Deulte + (1 - ) —9)°
|a|=j

where « is the usual multi index: a!l = a1l...aw,!, (2 —9)* = (21 — y1)§ (T — yn )2
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We observe that f(1) =z, f(0) = y, so plugging (2.11) to (2.10) gives:
(2.12)

1 feY o m m ' m— ey
w3 Lptu@le-y+ X Sle—yl [ a-0m 0t + -yl
la|<m—1 la|=m

We integrate y over Cy, on both sides. Using that C, , has volume cr™ for a constant c,
and |z —y| <r for y € Cy, we have:

n T‘al «
@< 3 S [ Dtulay

lal<m—1

1
m - P
+ ) a/c =yl /0(1—t) YDY(tz + (1 — t)y)|dtdy

|al=m

(2.13)

Now the first integral is in the form desired. For the second double integral, let z =
tr + (1 —t)y, using z —z = (1 — t)(y — x), dz = (1 — t)"dy, and changing the order of
integration we obtain:

1
(2.14) / (1—t)~"t / |z — z|™|DYu(z)|dzdt
0 Co(1—t)r

Change in order of integration again we have:

1=(lz—z|/7)
/ Iz — 2™ D*u(2)| / (1= t="V)dtdz
(2.15) Corr °

< L/ |z — 2™ | Du(z)|d=
nJcg,,
Now relable z as y above, together with (2.13) yields the inequality in the lemma. (]
Now we'’re ready to prove the Sobolev Imbedding Theorem:

Proof. Theorem 2.4.

Step 0. We observe that it is sufficient to prove the case when j = 0. The general case
follows by applying the special case to D%u.

For example , if W™P(Q) — L9(Q) is proven, for u € WIitmP D%, € W™ for |a| < j,
we have:

1/q 1/p
(2.16) lulljg=| D_ ID%ullg, | <K D U0, | < Killulljrms
la|<j || <j
Step 1. Let u € W™P(Q)NC*>(Q), for x € Q, we show
(2.17) lu(@)] < K]lullm.p

For p=1,m =mn, (2.9) gives (2.17). If p > 1,mp > n, (2.9) r = p gives:

218) | <K (3 g [

jal<m—1 .

Du(y)ldy + 3 /C D u(y)||z — y™ "dy
p loo|=m Y Cwop
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By Hoélder’s inequality the first integral satisfies:
(2.19)

. ID*u(y)ldy < [|1D%ullp.c., 1My c.., = [I1D%llp.c. /" p"* < ClID%ullyc.,
z,p

where ¢ denote the volume of C, ;. Recall VolC, , = cp™. Using By Hélder on the second

integral in (2.18) gives:
p.Ca,p (/
Cy

(2.20)
because the integral on the right is finite since (m — n)p’ > —n when mp > n. Using (2.19)
and (2.20) in (2.18), we have:

(2.21) u(@)| < K Y [ID%ullp.c., < Kllullmg

1/p
/c IDu(y)||z — y|™ "dy < || Dyl |z — yl(m‘”)p/dy> < C||IDullp,c.,.,

x,p P

z,p —

lal<m

because Cy , C Q.

Step 2. To finish the proof of the first statement of the theorem, it’s left to see that every
element (the equivalent class) v € W™P(Q) has an element in @ € C%(Q2). By theorem
1.24, every element of u € WP () is a limit of a Cauchy sequence of continuous functions.
(2.17) implies that this sequence converge to a continuous function in W™ (), so the limit
has to equal to u almost everywhere on Q. Thus, u € C%(Q).

Step 3. Let Q) denote the intersection of Q) and a k-dimensional plane H. Let Qy , :=
{z € Q : dist(z, Q) < p}. We extend u and its derivatives to be 0 outside 2. We observe
that the cone C, , C B(x,p), the ball centered at = with radius p. Now integrating the p-th
power of (2.21) gives:

/ s <K Y /

laj<m ¥ B(®

(2.22) K Y / / D u(y)[Pda’dy
Qk,p HNB(y,p)

|| <m

[ 10t utw)lPyis’
,0) J Qe

< Killully .0

where dz’ denotes the measure on the subspace Q. (2.22) shows that W™P(Q) — WOP(Q) =
LP(Qy) (recall the discussion after theorem 2.4). (2.17) gives W™P(Q) — W% () =
L>(€y). Finally Theorem 0.9 gives the imbedding W™P?(Q) — W%9(Qy) = L4(£2) for
p < g < oo, which finishes the proof of the theorem. O
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3. APPENDIX

The details filled by me :

Remark 0.4, lemma 0.12 and its proof.

The proof of Cor 1.10.

The details of proof of theorem 1.13 is added by me, including the correction (typo in
Adams du — dy) of (1.17), adding the intermediate steps of the string of equations, and

adding the discussion below (1.17) for showing ||Je * ¢ — ¢||, < €/3.

In general, I provided more explanations and intermediate steps in most step of proofs
than presented by Adams.
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